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We determine the non-Abelian version of the four nontransverse form factors of the quark-gluon vertex,
using exact expressions derived from the Slavnov-Taylor identity that this vertex satisfies. In addition to the
quark and ghost propagators, a key ingredient of the present approach is the quark-ghost scattering kernel,
which is computed within the one-loop dressed approximation. The vertex form factors obtained from
this procedure are evaluated for arbitrary Euclidean momenta, and display features not captured by the
well-known Ball-Chiu vertex, deduced from the Abelian (ghost-free) Ward identity. Particularly interesting
in this analysis is the so-called soft-gluon limit, which, unlike other kinematic configurations considered, is
especially sensitive to the approximations employed for the vertex entering in the quark-ghost scattering
kernel, and may even be affected by a subtle numerical instability. As an elementary application of the
results obtained, we evaluate and compare certain renormalization-point-independent combinations, which
contribute to the interaction kernels appearing in the standard quark gap and Bethe-Salpeter equations.
In doing so, even though all form factors of the quark-gluon vertex, and in particular the transverse ones
which are unconstrained by our procedure, enter nontrivially in the aforementioned kernels, only the
contribution of a single form factor, corresponding to the classical (tree-level) tensor, will be considered.
DOI: 10.1103/PhysRevD.96.014029
I. INTRODUCTION
Despite the fact that the quark-gluon vertex, Γaμ, has been
the focal point of countless theoretical and phenomeno-
logical studies that span at least two decades, a complete
understanding of its structure and properties still eludes us.
Given the central role that this particular vertex plays in
some of the most important nonperturbative phenomena of
QCD, such as dynamical chiral symmetry breaking, the
generation of constituent quark masses [1–5], and the
formation of bound states [6–15], its systematic scrutiny
constitutes one of the main challenges of contemporary
hadron physics. In fact, the level of complexity may require
the skillful combination of ingredients obtained from
diverse approaches and frameworks, such as Schwinger-
Dyson equations (SDEs) [8,10,14–23], gauge-technique
inspired Ansätze [21,24–33], a functional renormalization
group [34,35], and lattice simulations [36–43], before a
fully satisfactory nonperturbative picture could emerge.1
In the linear covariant (Rξ) gauges, the full vertex
Γaμðq; p2;−p1Þ, when contracted by the gluon momentum
qμ, satisfies a nonlinear Slavnov-Taylor identity (STI),
imposed by the Becchi-Rouet-Stora-Tyutin (BRST)
symmetry of the theory. This STI is the non-Abelian
equivalent of the QED Ward-Takahashi identity (WTI),
qμΓμðq; p2;−p1Þ ¼ S−1e ðp1Þ − S−1e ðp2Þ, which relates the
photon-electron vertex with the electron propagator Se.
The non-Abelian nature of the STI manifests itself
through the presence of multiplicative contributions origi-
nating from the ghost sector of the theory, and in particular
the “ghost dressing function,” Fðq2Þ, and the “quark-ghost
scattering kernel,” H, together with its “conjugate,” H¯.
Exactly as happens with the QED vertex, the Lorentz
decomposition of Γaμ consists of twelve linearly indepen-
dent tensorial structures, which are most conveniently
expressed in the well-known Ball-Chiu (BC) basis [31];
the corresponding form factors are functions of three
kinematic variables, e.g., the moduli of p1 and p2, and
their relative angle θ. The actual form of the BC basis is
inspired by the aforementioned STI, being explicitly
separated into two distinct pieces: (i) the “nontransverse
part,” which saturates the STI, and is composed of four
tensors that are not annihilated upon contraction by qμ,
and (ii) the purely “transverse” (automatically conserved)
part, which is composed of the remaining eight elements
of the BC basis, all of which vanish identically when
contracted by qμ.
Evidently, the STI imposes stringent constraints on the
nontransverse form factors, denoted by L1, L2, L3, and L4;
in fact, as has been demonstrated in detail in [4], these four
quantities are fully determined in terms of closed formulas
involving the components of S, F,H, and H¯. In the Abelian
limit, i.e., when the ghost-related contributions are set to
their tree-level values, these expressions reduce to the
known “BC vertex,” with the corresponding form factors
1In perturbation theory, a complete study has been carried out
at the one- and two-loop level in arbitrary linear covariant gauges,
dimensions and kinematics in Refs. [44,45] respectively. In
addition, Refs. [46–48] contain results at the one-, two- and
three-loop order for specific gauges and kinematic limits.
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denoted by LBC1 , L
BC
2 , L
BC
3 , and L
BC
4 (note that they depend
only on the moduli of p1 and p2, and that LBC4 vanishes
identically). The BC vertex has been extensively employed
in the literature, both in QED, where it captures the
nontransverse part of the photon-electron vertex exactly,
as well as in QCD, where it is clearly approximate, but
serves as a starting point towards a systematic improvement
over the rainbow-ladder truncation [2]. Instead, the
approach put forth in [4] permits, at least in principle,
the complete non-Abelian conversion of the BC vertex,
namely the reconstruction of the part of Γaμ that satisfies the
exact STI, as dictated by the BRST symmetry.
The practical implementation of this particular approach
requires the evaluation of H and H¯ by means of their own
dynamical equations, rather than the more cumbersome
treatment of the typical SDE that controls the dynamics of
the form factors of Γaμ. The equations that govern H and H¯
are also of the SDE-type, but, unlike the vertex SDE, their
one-loop dressed approximation involves a single Feynman
diagram. Actually, a considerable simplification stems from
the fact that the three-gluon vertex, a well-known source of
technical complexity, does not appear in this particular
diagram, and becomes relevant only at the next order of the
loop expansion. Even so, thedependenceofH and H¯ on three
kinematic variables has been a limiting factor in the numeri-
cal treatment presented in [4], where only certain special
kinematic configurations, involving a single momentum
variable, were considered (see also [22] for a related study).
In the present work we compute the general form of L1,
L2, L3, and L4 by evaluating the one-loop dressed version
of the dynamical equations for the components ofH and H¯,
for arbitrary Euclidean momenta, in the Landau gauge.
These equations contain the following main ingredients:
(a) the gluon propagator, Δðq2Þ; (b) the ghost propagator,
Dðq2Þ or, equivalently, its dressing function, Fðq2Þ; (c) the
two standard Dirac components of the quark propagator,
Aðq2Þ and Bðq2Þ, introduced in Eq. (2.4); (d) the full ghost-
gluon vertex and the full quark-gluon vertex Γaμ, both nested
inside the one-loop dressed diagram.
Ideally, the above quantities ought to be determined self-
consistently from their own dynamical equations, which
would be solved simultaneously together with the equa-
tions determining H and H¯, thus forming an extended
system of coupled integral equations. However, given the
complexity of such an endeavor, in the present work we
have opted for a simpler procedure. In particular, for the
Landau gauge Δðq2Þ and Fðq2Þ we directly use the results
of the large-volume lattice simulations of [49], whereas two
different sets of Aðq2Þ and Bðq2Þ are obtained from the
solution of two standard forms of the quark gap equation in
the same gauge. The main ingredients composing the
kernels of these gap equations are again the aforementioned
lattice results for the Δðq2Þ and Fðq2Þ, with judicious
modeling of the Γaμ entering in them. As far as the one-loop
dressed diagram describingH is concerned, we will use for
the internal propagators again the same Δðq2Þ and Fðq2Þ,
for the ghost-gluon vertex its tree-level expression, while
for the Γaμ we will only keep its component of LBC1 .
The main results obtained from our analysis may be
briefly summarized as follows.
(1) All four form factors are finite within the entire
range of Euclidean momenta.
(2) L1 displays a smoother and more enhanced structure
compared to LBC1 .
(3) L2 has a rather intricate structure, whose details
depend strongly on the particular shape of Aðp2Þ,
but is, in general, considerably different from LBC2 .
(4) L3 exhibits practically the same qualitative behavior
as its BC counterpart, with mild differences in the
deep infrared.
(5) L4 is nonvanishing but extremely suppressed in the
entire range of momenta, with its maximum value
being only 0.027 GeV−1.
(6) In general, the dependence of L2, L3, and L4 on the
angle θ ¼ 0 is rather mild; L1 is also rather in-
sensitive to changes in θ. However, when θ ¼ 0 and
p1 ¼ p2, it develops a more intricate behavior which
requires a delicate analysis. In that sense, the form
factors obtained depend mainly on the moduli of p1
and p2, exactly as happens with their BC counter-
parts, even though their corresponding functional
dependences are in general different.
(7) For all values of θ, L2, L3, and L4 suffers only
quantitative changes when the Ansatz for the quark-
gluon vertex entering in the calculation of the quark-
ghost scattering kernel is modified; L1, is also quite
insensitive to the Ansatz chosen, except when θ ¼ 0
and p1 ¼ p2, where a particularly strong dependence
is observed.
We end this introductory section by emphasizing that the
method presented here, being a variant of the “gauge-
technique” [24–27], leaves the “transverse” part of the vertex
completely undetermined.The proper inclusion of this part in
SDE studies is essential because it enforces themultiplicative
renormalizability of the electron and quark gap equations
[4,28–30]. Moreover, it affects considerably the amount of
dynamical chiral symmetry breaking obtained [50], and is
involved in the dynamics of various emerging nonperturba-
tive phenomena [8,10,14,16,35,51,52]. Even though the
transverse part is only partially determined by the so-called
“transverse” WTI [53–58], a recent detailed study reveals
that the imposition of certain crucial physical requirements
severely restricts its allowed form and strength [59].
The article is organized as follows. In Sec. II we
introduce the notation and set up the theoretical framework
of this work. In Sec. III we derive the equations that govern
the behavior of the form factors ofH for arbitrary momenta,
and discuss certain phenomenological subtleties related
with the choice of the nontransverse basis for the quark
gluon vertex. Our main results are presented in Sec. IV,
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where we first obtain the numerical solution for the various
Xi for general values of the Euclidean momenta, and then
determine the quark-gluon form factors which satisfies the
exact STI for arbitrary momenta. A considerable part of our
study focuses on the dependence of the Li on the value of
the quark mass, and the shape (presence or absence of
minimum) of the inverse quark wave functions. In Sec. V
we take a closer look at the form factors Li in five special
kinematic configurations. We pay particular attention to the
case of the soft-gluon limit, whose numerical evaluations
appears to be particularly delicate, and, even though
subjected to an extensive number of checks, may still
contain a certain amount of imprecision. In Sec. VII we use
some of the results derived in the previous section in order
to construct certain renormalization-group invariant (RGI)
combinations that serve as natural candidates for describing
the effective strength of the quark interaction. Finally, in
Sec. VIII we draw our conclusions, and in the Appendix
present the Taylor expansions needed in the derivation of
the special kinematic limits discussed in Sec. V.
II. GENERAL FRAMEWORK
In this section we set up the notation and conventions
that will be employed throughout this article, and review the
general theoretical framework together with the fundamental
equations that will be central to our subsequent analysis.
Our starting point is the definition of the quark-gluon
vertex, shown in Fig. 1, written as
Γaμðq; p2;−p1Þ ¼ gtaΓμðq; p2;−p1Þ; ð2:1Þ
where ta ¼ λa=2 are the SUð3Þ group generators in the
fundamental representation, with λa theGell-Mannmatrices,
q and p2 are the incoming gluon and quark momenta, p1 ¼
qþ p2 is the outgoing anti-quark momentum. At tree level,
the vertex reduces to Γ½0μ ðq; p2;−p1Þ ¼ γμ.
In addition, Γμ satisfies the standard STI given by
qμΓμðq; p2;−p1Þ ¼ Fðq2Þ½S−1ðp1ÞHðq; p2;−p1Þ
− H¯ð−q; p1;−p2ÞS−1ðp2Þ; ð2:2Þ
where Fðq2Þ is the ghost dressing function appearing in the
definition of the complete ghost propagator
Dðq2Þ ¼ iFðq
2Þ
q2
; ð2:3Þ
and S−1ðpÞ is the inverse of the full quark propagator
expressed as
S−1ðpÞ ¼ Aðp2Þp − Bðp2Þ; ð2:4Þ
where Aðp2Þ is the inverse of the quark wave function and
Bðp2Þ is the scalar component (mass function) of the quark
propagator, and Mðp2Þ ¼ Bðp2Þ=Aðp2Þ is the dynami-
cally generated quark constituent mass. Finally, H denotes
the quark-ghost scattering kernel, and H¯ its “conjugate,”
represented diagrammatically in Fig. 2.
Turning to these last two quantities, notice that H¯ may be
obtained from H through the application of the following
operations: (i) exchange−p1withp2:−p1 ↔ p2; (ii) reverse
the sign of all externalmomenta:q;−p1; p2 ↔ −q; p1;−p2;
(iii) take the hermitian conjugate of the resulting amplitude,
and use that
H¯ ≔ γ0H†γ0: ð2:5Þ
TheLorentz decomposition ofHðq; p2;−p1Þ is given by [44]
H¼X0ðq2;p22;p21ÞIþX1ðq2;p22;p21Þp1þX2ðq2;p22;p21Þp2
þX3ðq2;p22;p21Þ ~σμνpμ1pν2; ð2:6Þ
where ~σμν ¼ 12 ½γμ; γν (notice the i difference with respect to
the conventional definition of this quantity). At tree-level,
FIG. 1. The full quark-gluon vertex and the flow of momenta
we employ.
FIG. 2. Diagrammatic representation of the quark-ghost kernels H and H¯; their tree-level expressions are −gta and gta, respectively.
The gray oval-shaped blob represents the connected part of the four-point quark-ghost scattering amplitude.
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Xð0Þ0 ¼ 1 and Xð0Þ1 ¼ Xð0Þ2 ¼ Xð0Þ3 ¼ 0, while the complete
one-loop expressions have been presented in [44].
The corresponding decomposition for H¯ may be easily
deduced from Eq. (2.6) through the direct application of
the aforementioned operations (i)–(iii), using subsequently
Eq. (2.5). Thus, given that ðγμÞ† ¼ γ0γμγ0 and ~σ†μν ¼
γ0 ~σνμγ
0, one obtains that H¯ð−q; p1;−p2Þ
H¯¼X0ðq2;p21;p22ÞIþX2ðq2;p21;p22Þp1þX1ðq2;p21;p22Þp2
þX3ðq2;p21;p22Þ ~σμνpμ1pν2: ð2:7Þ
For the sake of notational compactness, in what follows we
will employ the definitions
Xi ≔ Xiðq2; p22; p21Þ; X¯i ≔ Xiðq2; p21; p22Þ: ð2:8Þ
On the other hand, the tensorial structure of the full
quark-gluon vertex, Γμ, consists of 12 independent vectors
[31]. It is common to divide the vertex into a part that
“saturates” the STI of Eq. (2.2), denoted here by ΓðSTÞμ , and
a “transverse part,” denoted by ΓðTÞμ which is automatically
conserved,
qμΓðTÞμ ðq; p2;−p1Þ ¼ 0: ð2:9Þ
Thus,
Γμðq; p2;−p1Þ ¼ ΓðSTÞμ ðq; p2;−p1Þ þ ΓðTÞμ ðq; p2;−p1Þ:
ð2:10Þ
Evidently, the above decomposition is not unique, given
that a “transverse” structure may be removed from ΓðTÞμ and
be reassigned to ΓðSTÞμ . This ambiguity introduces a corre-
sponding arbitrariness at the level of the tensorial basis used
to span ΓðSTÞμ ðq; p2;−p1Þ and ΓðTÞμ ðq; p2;−p1Þ. One of the
most standard choices for the decomposition of the ST part,
is the so-called BC basis [31], given by
ΓðSTÞμ ðq; p2;−p1Þ ¼
X4
i¼1
Liðq; p2;−p1Þλi;μðp1; p2Þ;
ð2:11Þ
with
λ1;μ ¼ γμ;
λ2;μ ¼ ðp1 þ p2Þðp1 þ p2Þμ;
λ3;μ ¼ ðp1 þ p2Þμ;
λ4;μ ¼ ~σμνðp1 þ p2Þν; ð2:12Þ
where Liðq; p2;−p1Þ are the form factors.
For the transverse part, ΓðTÞμ , one may use the basis
proposed in Ref. [60]
ΓðTÞμ ðq; p2;−p1Þ ¼
X8
i¼1
Tiðq; p2;−p1Þτi;μðp1; p2Þ; ð2:13Þ
where Tiðq; p2;−p1Þ are the form factors and the set of
independent tensors τi are given by
τ1;μ ¼ p2μðp1 · qÞ − p1μðp2 · qÞ;
τ2;μ ¼ τ1μt; τ3;μ ¼ q2γμ − qμq;
τ4;μ ¼ q2½γμt − tμ − 2qμ ~σνλpν1pλ2;
τ5;μ ¼ ~σμνqν;
τ6;μ ¼ γμðq · tÞ − tμq; τ7;μ ¼
1
2
ðq · tÞλ4;μ − tμ ~σνλpν1pλ2;
τ8;μ ¼ γμ ~σνλpν1pλ2 þ p2μp1 − p1μp2; ð2:14Þ
with q ¼ p1 − p2 and t ¼ p1 þ p2. Note that Eq. (2.14)
not only explicitly satisfies Eq. (2.9), but also guarantees
that τi;μðp1; p1Þ ¼ 0.
It is important to mention that the above decomposition
for ΓðTÞμ ðq; p2;−p1Þ is slightly different from the one first
employed by Ball-Chiu [31]. The modification, proposed in
Ref. [60] guarantees that the corresponding form factors are
free of kinematic singularities in all covariant gauges
[46,60]. In addition, this basis also permits one to establish
a more transparent relation between the ST and the trans-
verse parts of the vertex. More specifically, when we
contract the tensors defining the ST part with the transverse
projector, PμνðqÞ ¼ gμν − qμqνq2 , we obtain [37]
PμνðqÞλν1 ¼
1
q2
τ3;μ; PμνðqÞλν2 ¼
2
q2
τ2;μ;
PμνðqÞλν3 ¼
2
q2
τ1;μ; PμνðqÞλν4 ¼
1
q2
τ4;μ: ð2:15Þ
which clearly shows that ΓðSTÞμ contains transverse contribu-
tions, or else the above contractions would have vanished.
It is interesting to notice that Eq. (2.15) has a great
impact on the applications of the quark-gluon vertex in the
study of chiral symmetry breaking and the formation of
bound states. To see that, we recall that in the dynamical
equations describing both phenomena, one of the relevant
quantities appearing on them is the contraction of the full
quark-gluon vertex with the transverse projector, namely
PνμðqÞΓνðq; p2;−p1Þ [see for example Fig. 22 of Sec. VII].
Using Eqs. (2.9), (2.10), and (2.15) we conclude that the
aforementioned contraction will produce
PνμðqÞΓνðq; p2;−p1Þ
¼ PνμðqÞΓðSTÞν ðq; p2;−p1Þ þ ΓðTÞμ ðq; p2;−p1Þ
¼ 1
q2
½L01τ3;μðp1; p2Þ þ 2L02τ2;μðp1; p2Þ þ 2L03τ1;μðp1; p2Þ
þ L04τ4;μðp1; p2Þ þ
X8
i¼5
Tiτi;μðp1; p2Þ; ð2:16Þ
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where the form factors Li get entangled with the Ti,
generating the following modified (effective) form factors
[37]
L01 ¼ L1 þ q2T3; L02 ¼ L2 þ
q2
2
T2;
L03 ¼ L3 þ
q2
2
T1; L04 ¼ L4 þ q2T4: ð2:17Þ
It is important to emphasize at this point that, if we had
chosen a basis different from that of Eqs. (2.12) and (2.14),
the above relations would be modified. In fact, as far as
phenomenological applications are concerned (such as
those discussed in Sec. VII), an appropriate choice of
basis is necessary in order to profitably exploit the
information encoded in the STI.
In order to appreciate this point with a concrete example,
let us assume that the basis given in (2.12) is modified by
changing λ1;μ to λ¯1;μ through the addition of a transverse
piece, i.e.,
λ¯1;μ ¼ γμ þ cPμνðqÞγν ¼

ð1þ cÞgμν − c
qμqν
q2

γν;
ð2:18Þ
where c is an arbitrary real number. Clearly, in this new
basis, the tree-level quark-gluon vertex is decomposed as
Γ½0μ ¼ λ¯1;μ −
c
q2
τ3;μ: ð2:19Þ
Now, given that the difference between λ1;μ and λ¯1;μ is a
purely transverse piece, the change of basis is not felt at the
level of the STI; therefore, the form factors L1 and L¯1 will
be identical, L1 ¼ L¯1. On the other hand, the first projec-
tion given in Eq. (2.15) becomes c-dependent, since now
PμνðqÞλ¯ν1 ¼
1þ c
q2
τ3;μ; ð2:20Þ
while the first relation of Eq. (2.17) becomes
L01 ¼ ð1þ cÞL1 þ q2T3; ð2:21Þ
revealing that, indeed, the answer of the transversely
projected vertex depends on the details of the basis chosen
for the ΓðSTÞμ part. In fact, for the special value c ¼ −1, for
which λ¯1;μ ¼ qμq=q2, all information furnished by the STI
(namely the form of L1), is completely washed out from the
corresponding amplitude. The above argument may be
easily generalized to all remaining elements of the basis
that spans ΓðSTÞμ .
There are two main conclusions that may be drawn from
the discussion presented above. First, a necessary condition
for exploiting the STI in phenomenological applications is
that the basis used for ΓðSTÞμ should not be completely
annihilated when contracted by the transverse projector.
Second, the amount of Li that enters into the amplitude (in
other words, the value of “c” in the case of L1) depends on
the basis chosen for ΓðSTÞμ ; we will consider this issue again
in Sec. VII.
Returning to Eq. (2.11), it is clear that the form factors Li
can be related through Eq. (2.2) with A, B, F, Xi, and X¯i.
Specifically, as was demonstrated in [4], the Li may be
expressed as
L1 ¼
FðqÞ
2
fAðp1Þ½X0 − ðp21 þ p1 · p2ÞX3 þ Aðp2Þ½X¯0 − ðp22 þ p1 · p2ÞX¯3g
þ FðqÞ
2
fBðp1ÞðX2 − X1Þ þ Bðp2ÞðX¯2 − X¯1Þg;
L2 ¼
FðqÞ
2ðp21 − p22Þ
fAðp1Þ½X0 þ ðp21 − p1 · p2ÞX3 − Aðp2Þ½X¯0 þ ðp22 − p1 · p2ÞX¯3g
−
FðqÞ
2ðp21 − p22Þ
fBðp1ÞðX1 þ X2Þ − Bðp2ÞðX¯1 þ X¯2Þg;
L3 ¼
FðqÞ
p21 − p22
fAðp1Þðp21X1 þ p1 · p2X2Þ − Aðp2Þðp22X¯1 þ p1 · p2X¯2Þ − Bðp1ÞX0 þ Bðp2ÞX¯0g;
L4 ¼
FðqÞ
2
fAðp1ÞX2 − Aðp2ÞX¯2 − Bðp1ÞX3 þ Bðp2ÞX¯3g: ð2:22Þ
The derivation of the above equation has been carried out in Minkowski space; its Euclidean version may be obtained
through direct application of the rules given in the subsection III A.
Setting in Eq. (2.22) X0 ¼ X¯0 ¼ 1 and Xi ¼ X¯i ¼ 0, for i ≥ 1, and FðqÞ ¼ 1, we obtain the following expressions (still
in Minkowski space)
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LBC1 ¼
Aðp1Þ þ Aðp2Þ
2
; LBC2 ¼
Aðp1Þ − Aðp2Þ
2ðp21 − p22Þ
;
LBC3 ¼
Bðp2Þ − Bðp1Þ
p21 − p22
; LBC4 ¼ 0: ð2:23Þ
which is precisely the well-known BC vertex [31].
III. QUARK-GHOST KERNEL AT THE ONE-LOOP
DRESSED LEVEL
In this section we derive the expressions for the form
factors Xi within the one-loop dressed approximation. In
particular, the four-point quark-ghost scattering amplitude,
entering in the diagrammatic definition of Ha ¼ −gtaH in
Fig. 2, is approximated by its lowest order diagram, the one
gluon exchange term, which is subsequently “dressed” as
shown in Fig. 3.
Using the flow of momenta defined in Fig. 3 and
factoring out its color structure (−gta), the expression
for H½1ðq; p2;−p1Þ is given by
H½1 ¼ 1 − 1
2
iCAg2
Z
l
Δμνðl − p2ÞGνðp1 − lÞ
×Dðl − p1ÞSðlÞΓμðl − p2; p2;−lÞ; ð3:1Þ
where we have already used the three level expression for
the quark-ghost kernel,H½0a ¼ −gta, as indicated in Fig. 2.
In addition, CA is the eigenvalue of the Casimir operator in
the adjoint representation and we have defined the inte-
gration measure
Z
l
≡
Z
d4l
ð2πÞ4 ; ð3:2Þ
it is understood that a symmetry preserving regularization
scheme must be employed (see also subsection V B).
In addition, ΔμνðkÞ is the full gluon propagator, which
in the Landau gauge has the form
ΔμνðkÞ ¼ −iPμνðkÞΔðk2Þ; PμνðkÞ ¼ gμν −
kμkν
k2
:
ð3:3Þ
In order to evaluate Eq. (3.1) further, we will use for the
full gluon-ghost vertex its tree-level value,2 i.e., Gabcν ¼
−gfabcðp1 − lÞν.
The question of how to approximate the Γμ that enters in
H½1 turns out to be particularly subtle. Evidently, if one
were to consider only the nontransverse part of this vertex
(as we do throughout this work), the most complete
treatment would entail to replace the Γμ by the Γ
ðSTÞ
μ of
Eq. (2.11), using the Li given in Eq. (2.22). This choice,
however, would convert the problem into a system of
coupled integral equations for the Li, whose solution,
unfortunately, lies beyond our present powers. Instead,
we will reduce the level of technical complexity by
employing a simpler expression for Γμ, retaining only
the component proportional to γμ, and approximating its
form factor L1 using tree-level values for the Xi entering in
it. With these simplifications, one has
Γμðl − p2; p2;−lÞ ¼
Fðl − p2Þ
2
½AðlÞ þ Aðp2Þγμ: ð3:4Þ
However, as we will discuss in Sec. IV C, the use of this
particular expression leads to unnatural results for the form
factor corresponding to the soft-gluon kinematics: essen-
tially, the curve reverses sign, and deviates dramatically
from the expected perturbative behavior in the ultraviolet.
Interestingly enough, the expected ultraviolet behavior is
restored if instead of (3.4) one uses
Γμðl − p2; p2;−lÞ ¼
1
2
½AðlÞ þ Aðp2Þγμ; ð3:5Þ
which is simply LBC1 ðl − p2; p2;−lÞ.
It seems therefore that, depending on the kinematic
circumstances, the presence of the ghost dressing function
Fðl − p2Þ in this particular part of the calculation desta-
bilizes the truncation procedure. In what follows we will
present the results obtained using Eq. (3.5) for all kinematic
configurations other than that of the soft-gluon limit; we
have checked explicitly that, for all these cases, the use of
Eq. (3.4) does not affect the answers appreciably, and, in
that sense, our results are rather stable. Instead, for the
special case of the soft-gluon configuration, we will show
the results obtained with both Eqs. (3.4) and (3.5) (see the
panels of Fig. 8 and Fig. 19), in order to fully appreciate the
difference between the two.
Then, we proceed inserting into Eq. (3.1) the propagators
of Eqs. (2.4) and (3.3) together with the Ansatz given by
Eq. (3.5), it is straightforward to derive the following
expression for H
FIG. 3. The scattering kernel H½1ðq; p2;−p1Þ at one-loop
dressed approximation.
2Evidently, a more detailed analysis along the lines of the
Ref. [22] should be eventually performed, in order to establish the
numerical impact of this approximation.
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Hðq; p2;−p1Þ ¼ 1þ
i
4
CAg2
Z
l
Kðp1; p2; lÞfðp2; q; lÞ;
ð3:6Þ
where we have introduced the kernel
Kðp1; p2; lÞ ¼
Fðl − p1ÞΔðl − p2Þ½AðlÞ þ Aðp2Þ
ðl − p1Þ2½A2ðlÞl2 − B2ðlÞ
; ð3:7Þ
with
fðp2; q; lÞ ¼ AðlÞ

lq − q · ðl − p2Þ

1þ ðp2l − p
2
2Þ
ðl − p2Þ2

þ BðlÞ

q − ðl − p2Þ
q · ðl − p2Þ
ðl − p2Þ2

: ð3:8Þ
Notice that if we had used the Ansatz given by Eq. (3.4)
instead of Eq. (3.5), the unique difference in the derivation
was that the kernel of Eq. (3.7) would be replaced
by Kðp1; p2; lÞ→ Fðl − p2ÞKðp1; p2; lÞ.
The next step is to project out of Eq. (3.6) the individual
form factors Xi. This is easily accomplished by means of
the following formulas [4]
X0 ¼
TrfHg
4
;
X1 ¼
p22Trfp1Hg − p1 · p2Trfp2Hg
4h
;
X2 ¼
p21Trfp2Hg − p1 · p2Trfp1Hg
4h
;
X3 ¼ −
Trf ~σαβpα1pβ2Hg
4h
; ð3:9Þ
where we have introduced the function
h ¼ p21p22 − ðp1 · p2Þ2; ð3:10Þ
and the arguments of Xi have been suppressed as before.
After substituting Eq. (3.6) into the projectors given by
Eqs. (3.9) and taking the appropriate traces, we obtain
X0 ¼ 1þ
i
4
CAg2
Z
l
Kðp1; p2; lÞAðlÞGðp2; q; lÞ;
X1 ¼
i
4
CAg2
Z
l
Kðp1; p2; lÞBðlÞ
hðp1; p2Þ
½p22Gðp1; q; lÞ
− ðp1 · p2ÞGðp2; q; lÞ;
X2 ¼
i
4
CAg2
Z
l
Kðp1; p2; lÞBðlÞ
hðp1; p2Þ
½p21Gðp2; q; lÞ
− ðp1 · p2ÞGðp1; q; lÞ;
X3 ¼ −
i
4
CAg2
Z
l
Kðp1; p2; lÞAðlÞ
hðp1; p2Þ
½p22Gðp1; q; lÞ
− ðp1 · p2ÞGðp2; q; lÞ − T ðp1; p2; lÞ; ð3:11Þ
where we have introduced the functions
Gðk; q; lÞ ¼ ðk · qÞ − ½k · ðl − p2Þ½q · ðl − p2Þðl − p2Þ2
;
T ðp1; p2; lÞ ¼ ðp2 · qÞ½ðp1 · lÞ − ðp1 · p2Þ
− ðp1 · qÞ½ðp2 · lÞ − p22: ð3:12Þ
A. Passing to the Euclidean space
Next, we will convert Eq. (3.11) from Minkowski to
Euclidean space. To do that we will employ the following
transformation rules, which are valid for two arbitrary
momenta p and q
ðp;qÞ→ iðpE;qEÞ; ðp2; q2;p · qÞ→ −ðp2E;q2E;pE · qEÞ:
ð3:13Þ
In addition, the measure defined in Eq. (3.2) becomes
d4l → id4lE;
Z
l
→ i
Z
lE
; ð3:14Þ
where we have introduced the Euclidean measure in
spherical coordinates,
Z
lE
¼ 1ð2πÞ4
Z
d4l
¼ 1
32π4
Z
∞
0
dl2El
2
E
Z
π
0
dφ1sin2φ1
×
Z
π
0
dφ2 sinφ2
Z
2π
0
dφ3: ð3:15Þ
Applying the above rules to the scalar functions appear-
ing in the definition of the various propagators, lead us to
the following relations
AEðp2EÞ ¼ Að−p2Þ; BEðp2EÞ ¼ Bð−p2Þ;
ΔEðq2EÞ ¼ −Δð−q2Þ; FEðq2EÞ ¼ Fð−q2Þ: ð3:16Þ
Then, it is straightforward to see that, after applying the
conversion rules defined in the Eqs. (3.13) and (3.16), the
quantities appearing in Eq. (3.11) transform in the follow-
ing way
Kðp21; p22; l2Þ → −KEð−p21E;−p22E;−l2EÞ;
Gðk2; q2; l2Þ → −GEð−k2E;−q2E;−l2EÞ;
T ðp21; p22; l2Þ → T Eð−p21E;−p22E;−l2EÞ: ð3:17Þ
In order to avoid notational clutter, from now on we will
suppress the subscript E.
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Then, we can easily see that, in a general kinematic
configuration, the various form factors Xi and Li are
expressed in terms of the Euclidean scalar products
ðp1 · p2Þ, ðp1 · lÞ, and ðp2 · lÞ. Without loss of generality,
a convenient choice for Euclidean fourmomentap1 andp2 is
pμ1 ¼ jp1j
0
BBB@
cos θ
sin θ
0
0
1
CCCA; pμ2 ¼ jp2j
0
BBB@
1
0
0
0
1
CCCA; ð3:18Þ
where jp1j and jp2j are the magnitudes of the Euclidean
momenta and θ is the angle between them. Notice that
the above choices guarantee that ðp1 · p1Þ ¼ p21 and
ðp2 · p2Þ ¼ p22.
Similarly, the integration momentum l can be written
as
lμ ¼ jlj
0
BBB@
cosφ1
sinφ1 cosφ2
sinφ1 sinφ2 cosφ3
sinφ1 sinφ2 sinφ3
1
CCCA: ð3:19Þ
With the above definitions, it is evident that the
Euclidean scalar products ðp1 · p2Þ, ðp1 · lÞ, and ðp2 · lÞ,
appearing in the Euclidean version of Eq. (3.11), do not
display any dependence on the angle φ3, so that the integral
over this angle becomes trivial, and the measure may be
cast in the form
Z
lE
¼ 1ð2πÞ4
Z
d4l ¼ 1
16π3
Z
∞
0
dl2l2
Z
π
0
dφ1sin2φ1
Z
π
0
dφ2 sinφ2: ð3:20Þ
Finally, the Euclidean form of Eq. (3.11) becomes
X0ðp1; p2; θÞ ¼ 1þ
CAg2
4
Z
lE
Kðp1; p2; lÞAðl2Þ
s2
fp22l2sin2φ1 − s2p1p2 cos θ
þ½p1lðcos θ cosφ1 þ sin θ sinφ1 cosφ2Þ − p1p2 cos θðp2l cosφ1 − p22Þg;
X1ðp1; p2; θÞ ¼
CAg2
4
Z
lE
Kðp1; p2; lÞBðl2Þ
s2

s2 − l2sin2φ1cos2φ2 þ lðl cosφ1 − p2Þ

p2
p1
− cos θ

sinφ1 cosφ2
sin θ

;
X2ðp1; p2; θÞ ¼
CAg2
4
Z
lE
Kðp1; p2; lÞBðl2Þ
s2

ðl cosφ1 − p2Þ2

1 −
p1
p2
cos θ

− s2 þ p1l
2
p2
cos θsin2φ1cos2φ2
−
p1l
p2
ðl cosφ1 − p2Þ sin θ sinφ1 cosφ2−lðl cosφ1 − p2Þ cos θ

1 −
p1
p2
cos θ

sinφ1 cosφ2
sin θ

;
X3ðp1; p2; θÞ ¼
CAg2
4
Z
lE
Kðp1; p2; lÞAðl2Þ
s2

−s2
l
p1
sinφ1 cosφ2
sin θ
þ s2 l
p2

cos θ sinφ1 cosφ2
sin θ
− cosφ1

þl2sin2φ1cos2φ2 þ lðl cosφ1 − p2Þ

cos θ −
p2
p1

sinφ1 cosφ2
sin θ

; ð3:21Þ
where, in order to simplify the notation, we have defined
p1 ≡ jp1j, p2 ≡ jp2j, l≡ jlj, and the variable s2 ¼ l2þ
p22 − 2lp2 cosφ1.
Note that the functional dependence of the functions Xi,
in Euclidean space, will be expressed in terms of the moduli
of the momenta p1, p2, and their relative angle θ, as
denoted by Eq. (3.21).
IV. RESULTS FOR GENERAL MOMENT
A: 3-D PLOTS
In this section we will determine numerically the form
factors Xi given by Eq. (3.21) for general values of the
Euclidean momenta. All results will be presented in the
form of 3-D plots,3 where p1 and p2 will be varied, for
fixed values of the angle θ. The culmination of this analysis
is presented at the final step, where the numerical solution
obtained for the various Xi are fed into the Euclidean
version of Eq. (2.22), giving rise to all quark-gluon form
factors Li for arbitrary momenta.
3Throughout this work, all 3-D numerical data will be
generically written as an array Gðp1; p2; θÞ with dimensions
(96,96,7), i.e., we compute the function G for 96 different values
for each momentum p1 and p2 and 7 distinct values for the angle
θ, Then, all 3-D plots were produced using the Renka-Cline
interpolation on the grid.
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A. Inputs for the numerical analysis
The first step in this analysis is to consider the ingre-
dients entering into the evaluation of the form factors Xi
and the corresponding Li. The computation of the Xi and
Li, in a general kinematic configuration, not only require
the knowledge of the nonperturbative behavior of the
gluon, Δðq2Þ, and ghost, Dðq2Þ, propagators (or equiv-
alently the ghost dressing function, F), but the functions
Aðk2Þ and Bðk2Þ, appearing in the decomposition of the full
quark propagator of Eq. (2.4), see for example Eqs. (3.21)
and (2.22).
Employing the same methodology of previous works
[61–63], we use for Δ and F a fit for the SUð3Þ lattice data
of the Ref. [49]. In Fig. 4 we show the lattice data forΔðq2Þ
and Fðq2Þ and their corresponding fits, renormalized at
μ ¼ 4.3 GeV. The explicit functional dependence of Δðq2Þ
and Fðq2Þ may be found in a series of recent articles
[4,61,63], and their main characteristic is the saturation in
the deep infrared, associated with the generation of a
dynamical gluon mass [64,65].
The ingredients originating from the quark sector of the
theory, namely Aðk2Þ and Bðk2Þ, will be obtained from two
different versions of the quark gap equation: (i) the first one
contains the BC vertex, endowed with the minimum amount
of non-Abelian “dressing” necessary for achieving compli-
ance with the renormalization group [see [4] and the dis-
cussion followingEq. (7.9)], and setting αsðμÞ¼ g2ðμÞ=4π¼
0.28, (ii) the second one employs the Curtis-Pennington
vertex [28], accompanied by a slightly enhanced non-Abelian
dressing,4 and αsðμÞ ¼ 0.29. The main practical difference
between the two gap equations is that they produce qualita-
tively different forms of the quarkwave function, and give rise
to distinct constituent quark masses as are shown in Fig. 5.
In particular, as has been recently pointed out in [59], the
minimum displayed by A−1ðp2Þ is intimately related to the
values of Mð0Þ. Specifically, A−1ðp2Þ maintains its mini-
mum as long as the corresponding values for Mð0Þ are
relatively low. But, when Mð0Þ exceeds a certain limiting
value of approximately 350 MeV,5 the aforementioned
structure is practically eradicated. In order to explore the
potential impact of this feature on the structure of the Li, we
have obtained a quark mass of Mð0Þ ¼ 300 MeV with an
A−1ðp2Þwith a rather pronounced minimum (red continuous
line), and another of Mð0Þ ¼ 450 MeV, with an A−1ðp2Þ
whose minimum has disappeared (blue-dashed line); note
that the corresponding functionsBðk2Þ aremonotonic in both
cases.
Note that the Aðp2Þ and Bðp2Þ that give rise to a quark
dynamical mass ofMð0Þ ¼ 300 MeV will be employed in
the analysis presented in subsections IV B, IV C and Secs. V
and VII, whereas those producingMð0Þ ¼ 450 MeV will
be relevant for subsection IVD.
Finally, it is important to stress that the inputs used in our
calculations (gluon propagator and ghost dressing function)
are quenched (no dynamical quarks). To be sure, the
omission of quark effects while computing the quark-gluon
vertex may seem a priori conceptually inconsistent.
However, the effects of “unquenching” have been found
to be relatively small; in particular, the estimate provided in
[32] for their relative impact is of the order of 10%.
B. Form factors of the quark-ghost
scattering kernel
At this point we have all ingredients and shall proceed to
determine the various Xi, given by Eq. (3.21), for a general
FIG. 4. The gluon propagator Δðq2Þ (left panel) and the ghost dressing function Fðq2Þ (right panel), both renormalized at
μ ¼ 4.3 GeV. The lattice data is from Ref. [49].
4Specifically, in Eq. (7.9) one substitutes Fðq2Þ by
½1þ Gðq2Þ−1; a detailed discussion on the properties of the
quantity 1þ Gðq2Þ, and its relation to Fðq2Þ, may be found
in [66].
5The actual value depends, among other things, on the
structure and strength of the transverse part of the quark-gluon
vertex that one uses.
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FIG. 5. The inverse quark wave function, A−1ðp2Þ, (left panel) and the scalar component of the quark propagator, Bðp2Þ (right panel).
In the inset we show the corresponding dynamical quark masses Mðp2Þ ¼ Bðp2Þ=Aðp2Þ.
FIG. 6. The form factors Xiðp1; p2; 0Þ for an arbitrary kinematic configuration given by Eqs. (3.21) when θ ¼ 0 and the scale
parameter ν ¼ 1 GeV.
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FIG. 7. L1ðp1; p2; θÞ for θ ¼ π=6, θ ¼ π=3, and θ ¼ π=2. In the bottom right panel we show LBC1 given by Eq. (2.23).
FIG. 8. The form factor L1ðp1; p2; 0Þ computed using either the Ansatz given by Eq. (3.5) (left panel) or the one of Eq. (3.4) (right
panel). The plane defined by p1 ¼ p2 gives the result for the soft-gluon configuration. Note that, in order to make the narrow “slit”more
visible, we have rotated the plot with respect to Fig. 7, i.e., the axes p1 and p2 have been interchanged.
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kinematic configuration. The main results and observations
regarding the Xi obtained using a quark mass withMð0Þ ¼
300 MeV may be summarized as follows.
(i) In Fig. 6 the 3-D results for all Xiðp1; p2; 0Þ when
θ ¼ 0. We observe that all Xiðp1; p2; 0Þ are finite
in the infrared, and they recover the correct
ultraviolet perturbative behavior. More specifi-
cally, in the limit of large momenta (p1 or p2,
or both) the 3-D curves tend to X0 ¼ 1 and X1 ¼
X2 ¼ X3 ¼ 0.
(ii) From Fig. 6 we can infer the amount by which the
Xi depart from their tree-level values. X0 deviates
13% from its tree value, while for X1 and X2
the maximum deviation occurs at zero momenta
scale, reaching the value of 0.21 GeV−1. X3
displays in the infrared region the maximum
deviation value saturating at zero momenta around
−0.52 GeV−2. This last observation indicates that
the impact of X3 on the quark-gluon vertex may be
quite sizable.
(iii) X0ðp1; p2; 0Þ and X1ðp1; p2; 0Þ are positive definite
for all values ofp1 andp2, whereasX2ðp1; p2; 0Þ and
X3ðp1; p2; 0Þ are strictly negative within the en-
tire range.
(iv) The direct comparison of the above form factors
reveals that X0ðp1; p2; 0Þ displays the richest struc-
ture, its main features being a pronounced “peak” and
a shallow “well.” The peak has its maximum located
in the infrared region, at p21 ¼ 0.009 GeV2 and
p22 ¼ 0.97 GeV2, whereas the well has its minimum
around p21 ¼ 3.14 GeV2 and p22 ¼ 0.97 GeV2.
(v) We have checked by analyzing a large number of cases
that X1, X2, and X3 are quite insensitive to changes in
the value of θ, whereas X0 exhibits certain qualitative
changes. More specifically, for the cases where θ ¼
π=2 or θ ¼ π, the aforementioned “well” disappears.
As expected from Eq. (2.8), the conjugated form factors
X¯i, in a general kinematic configuration, display exactly the
same behavior shown in Fig. 6, and for this reason we will
omit their explicit derivation here.
FIG. 9. L2ðp1; p2; θÞ for θ ¼ π=6, θ ¼ π=3, and θ ¼ π=2, together with LBC2 (bottom right panel).
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C. Form factors of the quark-gluon vertex
for ð0Þ= 300 MeV
With the Xi for general kinematic configurations at our
disposal, we may now determine the behavior of the quark-
gluon form factors Li by means of Eq. (2.22).
Of course, the quark-gluon vertex, and in particular its
component L1 (proportional to the tree-level vertex γμ),
need to be properly renormalized. The renormalization is
implemented as usual, through the introduction of the
cutoff-dependent constant Z1, namely
ΓνRðq; p2;−p1; μÞ ¼ Z1Γνðq; p2;−p1Þ: ð4:1Þ
The exact form of Z1 is determined within the momentum-
subtraction (MOM) scheme, by imposing the condition
that, at the totally symmetric point, i.e., where all squared
momenta are equal to the renormalization scale μ2, the
quark-gluon vertex recovers its bare value, i.e.,
Γμðq; p2;−p1Þjp2
1
¼p2
2
¼q2¼μ2 ¼ γμ: ð4:2Þ
The results for L1, L2, L3, and L4 are shown in Figs. 7, 9,
10, and 11, respectively. In each of these figures, we present
the corresponding form factor for three representative
values of the angle θ, namely θ ¼ π=6 (top left panels),
θ ¼ π=3 (top right panels), and θ ¼ π=2 (bottom left
panels). In order to facilitate a direct visual comparison,
in the bottom right panels of these figures we plot the
corresponding Abelian form factors, LBCi , given by
Eq. (2.23), which, by construction, are independent of
the angle θ. The results for the individual form factors may
be summarized as follows.
(i) From Fig. 7 it is clear that L1 displays a very mild
dependence on θ, except in the vicinity of θ ¼ 0,
which, due to its particularity, is shown separately
in Fig. 8. In this figure, we clearly see that the
region located in the proximity of the slice defined
by p1 ¼ p2 is drastically affected by the type of
the quark-gluon vertex Ansatz we employ in the
calculation of the various Xi. More specifically,
the left panel shows L1ðp1; p2; 0Þ obtained with the
FIG. 10. L3ðp1; p2; θÞ for θ ¼ π=6, θ ¼ π=3, and θ ¼ π=2, together with LBC3 (bottom right panel).
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FIG. 11. L4ðp1; p2; θÞ for θ ¼ π=6, θ ¼ π=3, and θ ¼ π=2. Note that LBC4 vanishes identically.
FIG. 12. The form factors L1ðp1; p2; θÞ for θ ¼ 2π=3 (left panel) and θ ¼ π (right panel).
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Ansatz given by Eq. (3.5), whereas in the right
panel we show the result obtained with the vertex
of Eq. (3.4). The origin of the “slit” in the right
panel of Fig. 8 can be traced back to the presence of
an extra Fðl − p2Þ in the structure of the kernel
of Eq. (3.7) which is introduced by the Ansatz of
Eq. (3.4). Notice that, only when p1 ¼ p2 (soft-
gluon limit), the arguments of both F, appearing in
Eq. (3.7), become exactly the same. It is precisely
the F2ðl − p1Þ that causes a steeper decrease
observed in the right panel. Notice that, in the left
panel, where the kernel of Eq. (3.7) counts with a
unique Fðl − p1Þ, the “slit” is practically nonexistent.
We emphasize that, with the exception of
L1ðp1; p2; 0Þ, all other L1ðp1; p2; θÞ display only
small quantitative changes (smaller than 18%)
when both Ansätze are employed. Even though,
evidently, further future analysis related to this
point is required, the sensitivity of L1ðp1; p2; 0Þ
to the particular shape of the vertex employed,
suggests that the tensorial structures omitted in
both Ansätze given by Eq. (3.5) and Eq. (3.4) may
play an important role for the complete elimination
of the “slit” appearing in Fig. 8.
(ii) Turning to the L2 shown in Fig. 9, we note that it
displays a slightly stronger dependence on θ than L1,
which mainly affects the size of the peak located in
the intermediate region of momenta. As we can see,
L2 is one order of magnitude smaller compared to
L1. In addition, while LBC2 is negative for all
momenta, L2 contains some small positive regions
(peaks). Moreover, they are clearly similar in the
deep infrared region.
(iii) From Fig. 10 we infer that the angular dependence of
L3 is very mild. In addition, L3 is always negative and
tends to zero in the limit of large momenta (either p1
or p2, or both). Moreover, we see that L3 reaches
sizable values (in modulo) for values of p1 and p2
smaller than 10−1 GeV2. As a final remark, we notice
that although LBC3 is more suppressed than L3, its
shape is very similar to that of L3; the region of
FIG. 13. Comparison of the form factors Liðp1; p2; θÞ (colored surface) with the “minimal” non-Abelian Ansatz, FðqÞLBCi (cyan
surface) for θ ¼ π=6.
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momenta where the difference is more pronounced is
in deep infrared, where, unlike L3, the LBC3 displays a
minimum.
(iv) As can be seen in Fig. 11, the angular dependence of
L4 is essentially negligible, and the most prominent
characteristic is its suppressed structure within the
entire range of momenta, reaching a maximum value
of at most 0.027 GeV−2. We recall here that LBC4
vanishes identically [see Eq. (2.23)].
(v) For later convenience, we show in Fig. 12 the results
for L1 when θ ¼ 2π=3 (left panel) and θ ¼ π (right
panel) which will be used to determine some special
kinematic configurations.
(vi) Finally, in order to fully appreciate the numerical
impact of the quark-ghost scattering kernel on the
form factors Li, in Fig. 13 we compare our results
(colored surface) with those obtained when the
quark-ghost scattering is fixed at its tree-level
value (cyan surface) for a fixed angle (θ ¼ π=6).
More specifically, setting in Eq. (2.22) X0 ¼ X¯0 ¼ 1
and Xi ¼ X¯i ¼ 0, for i ≥ 1, we obtain the “minimal”
non-Abelian Ansatz for the quark-gluon vertex,
FðqÞLBCi [3,4,23]. In Fig. 13, we clearly see that
our results for L1 and L2 (colored surface) are
significantly more suppressed (in modulo) compared
with those obtained with the “minimal” non-Abelian
Ansatz (cyan surface). On the other hand, in the case
of L3 we observe the opposite effect.
D. Form factors of the quark-gluon vertex
forMð0Þ= 450 MeV
We next analyze the differences that a higher value of the
quark mass Mðp2Þ and a nearly monotonic Aðp2Þ may
produce in the overall shape of the Li. To that end, we have
recomputed the Xi and Li, using as ingredients the Aðp2Þ
and Bðp2Þ that give rise to Mð0Þ ¼ 450 MeV (see the
blue-dashed line in Fig. 5).
FIG. 14. The form factors L1 and L2 when θ ¼ π (left panels) and the corresponding LBC1 and LBC2 (right panels) for a higher value of
the dynamical quark mass.
A. C. AGUILAR et al. PHYSICAL REVIEW D 96, 014029 (2017)
014029-16
It turns out that the qualitative behaviors for all Xi
are very similar to those already presented in Fig. 6.
More specifically, we notice that for X0, X1 and X2 the
differences in their extrema are at most of the order of
10%. In the case of X0 the maximum of the curve changes
from 1.13 to 1.11, whereas for X1 and X2 their extrema
increase from 0.20 GeV−1 to 0.22 GeV−1 (see Fig. 6).
On the other hand, X3 is the one which suffers the biggest
suppression (≈27.5% in modulo), saturating now at
−0.40 GeV−2 instead of −0.51 GeV−2. Since the new
set of Xi is qualitatively very similar to the previous
one, we will omit the corresponding plots.
The next step is the determination of the Li from
Eq. (2.22); the results for θ ¼ π are shown in the left
panels of Figs. 14 and 15. As before, in order to expose the
non-Abelian content of these form factors, on the right
panels we plot their Abelian counterparts, LBCi . Moreover,
in Fig. 16 we show the result for L4 alone, since LBC4 ¼ 0.
The comparison of the results in Figs. 14, 15, and 16 with
those presented previously in the sequence of Figs. 7, 9, 10,
and 11, allows us to make the following remarks.
(i) The results for L1, L3, and L4 are qualitatively rather
similar, and do not seem especially sensitive to the
particular shape of Aðp2Þ and Bðp2Þ, nor to the
amount of dynamical quark mass generated.
(ii) Instead, L2 changes completely its shape in the
infrared, displaying a structure which is not so
smoother compared to that of Fig. 9. We notice that,
when Aðp2Þ is nearly monotonic in the infrared, L2
reverses its sign and becomes positive in the entire
range of momenta, saturating in the infrared around
0.1 GeV−2 [see left bottom panel of Figs. 14]. This
rather abrupt change may be traced back to the fact
that, Aðp2Þ enters in the expression for L2 multiplied
by a particular combination of X0 and X3 [see
Eq. (2.22)]; in the limit of p1 → p2, this combination
reduces to a derivative-like term. Since the corrections
of bothX0 andX3 are of the same order, any change in
their infrared values may lead to an oscillation in the
sign of L2. It is interesting to notice that L3 also
contains a similar term [see Eq. (2.22)]; however, in
this case, the Aðp2Þ is multiplied by a combination of
X1 andX2, which tends to bevery small in the infrared
region, furnishing a subleading contribution to the
overall shape of L3.
(iii) Finally, as one might have intuitively expected, the
Abelian form factors LBCi are significantly more
sensitive to the precise functional forms of Aðp2Þ
and Bðp2Þ. In particular, we notice that LBC1 of
Fig. 14 displays a much smoother behavior when
compared with the one plotted in Fig. 7. Evidently,
FIG. 15. The form factors L3 for θ ¼ π (left panel) and the corresponding LBC3 (right panel) for a higher value of the dynamical quark
mass.
FIG. 16. The form factor L4 when θ ¼ π for a higher value of
the dynamical quark mass.
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this is a direct consequence of having switched to a
nearly monotonic Aðp2Þ, since the planes where
either p1 ¼ 0 or p2 ¼ 0 in the LBC1 of Fig. 14 should
reproduce (by construction) the same functional
form of Aðp2Þ but shifted and multiplied by a
constant, i.e., Aðp2Þ=2þ Að0Þ=2.
V. SOME SPECIAL KINEMATIC LIMITS:
2-D PLOTS
In this section we concentrate on the determination of the
form factors Li in five different kinematic limits. The cases
discussed will be the following:
(i) The soft-gluon limit, which is defined when both
momenta p1 and p2 have the same magnitude, i.e.,
jp1j ¼ jp2j ¼ jpj and the angle between them is
θ ¼ 0;
(ii) The quark symmetric configuration, where again
the two momenta have the same magnitude, jp1j ¼
jp2j ¼ jpj, but now they are anti-parallel, i.e.,θ ¼ π;
(iii) The soft anti-quark limit obtainedwhen the anti-quark
momentum vanishes, i.e., p1 → 0 and p2 → p;
(iv) The soft-quark limit where p2 → 0 and p1 → p;
(v) The totally symmetric limit defined when the square
of the three momenta of vertex are all equal, i.e.,
p21 ¼ p22 ¼ q2 ¼ p2 and the angle θ ¼ 2π=3.
Evidently, in all configurations listed above, the Lis
become functions of a single momentum variable, namely
p. We will refer to the Lis in each configuration as L
g
i ðpÞ,
Lsymi ðpÞ, Lq¯i ðpÞ, Lqi ðpÞ, and LTSi ðpÞ, respectively.
A. Special kinematic limits
The determination of Li in any of the above kinematic
configurations may be performed in two different ways.
The first is to consider the limit of interest directly at the
level of Eq. (3.11), and then use the results obtained in
Eq. (2.22). This particular procedure requires certain care,
due to the presence of the function h in the various
denominators. Specifically, in Euclidean space
h ¼ p21p22 sin2 θ; ð5:1Þ
which vanishes when implementing the limits defining the
cases (i)–(iv). Therefore, the numerator‘he corresponding
expressions in Eq. (3.11) must be appropriately expanded,
and the potentially divergent terms explicitly canceled, by
virtue of the exact vanishing of certain angular integrals. A
detailed description of this procedure for the cases (i) and (ii)
will be outlined in the Appendix. The second way is to
directly exploit the numerical results obtained for general
configurations, since all special kinematic limits constitute
particular projections (“slices”) of the 3-D results. Evidently,
the results obtained with both methods ought to coincide.
For example, the plane defined by the equation p1 ¼ p2
in the left panel of Fig. 8 corresponds to the slice that
defines Lg1ðpÞ, since the angle in this figure is fixed at
θ ¼ 0. This particular slice was isolated in the top left panel
of Fig. 17 and it is represented by the black continuous line.
As we can see, Lg1ðpÞ displays a smooth behavior,
decreasing monotonically towards the ultraviolet region.
It is important to stress the fact that Lg1ðμÞ ≠ 1 is not in
contradiction with the renormalization condition employed
in the calculation [see Eq. (4.2)], which ensures that the L1
will be equal to the unity in the totally symmetric point,
defined when p21 ¼ p22 ¼ q2 ¼ μ2.
Now, following the same procedure outlined before, we
can extract the other nonvanishing form factors, namely
Lg2ðpÞ and Lg3ðpÞ. For the purpose of comparison, we also
plot in the top left panel of Fig. 17 the dimensionless
combinations p2Lg2ðpÞ (red-dashed line) and −pLg3ðpÞ
(blue dash-dotted line). We clearly see that both vanish
in the infrared limit, and they are evidently much more
suppressed than Lg1ðpÞ.
Next, we turn to the quark symmetric configuration. In
the top right panel of Fig. 17, we show the various Lsymi ðpÞ.
In particular, the projection of Lsym1 ðpÞ (black continuous
line) corresponds to the slice defined by the plane p1 ¼ p2
of the right panel of Fig. 12 (θ ¼ π). Even though the
tensorial structures λμ2, λ
μ
3, and λ
μ
4 defined in Eq. (2.12)
vanish in the quark symmetric limit, the form factors
Lsym2 ðpÞ and Lsym3 ðpÞ are nonvanishing. For this reason,
we show in the same plot p2Lsym2 ðpÞ (red dashed) and
−pLsym3 ðpÞ (blue dash-dotted); again, both quantities are
rather suppressed when compared to Lsym1 ðpÞ.
The next quantities of interest are theLq¯i ðpÞ, shown in the
bottom left panel of Fig. 17. Note that, as can be easily
confirmed by means of an analytic derivation, Lq¯i ðpÞ is
independent of the angle θ. For this reason, when we select
the plane where p1 ¼ 0 (for practical purposes
p1 ≈ 30 MeV), in any of the plots shown in Figs. 7, 9, 10,
and 11, we obtain the same result for all Lq¯i ðpÞ, respectively.
Turning to Lqi ðpÞ, note that when we combine Eq. (2.8)
with Eqs. (2.11) and (2.22), one concludes that Lq¯i ðpÞ ¼
Lqi ðpÞ with i ¼ 1, 2, 3, while Lq¯4ðpÞ ¼ −Lq4ðpÞ; this
happens because the first three tensorial structures in
Eq. (2.11) are symmetric under p1 ↔ p2, while the fourth
is antisymmetric. Therefore, the numerical results for
Lq1ðpÞ, p2Lq2ðpÞ and −pLq3ðpÞ coincide with those shown
in the bottom left panel of Fig. 17, except for pLq4ðpÞ
(green-dotted line), which reverses its sign.
Finally, LTSi ðpÞ is obtained by selecting the plane where
p21 ¼ p22 in the 3-Dplotswhere θ ¼ 2π=3, such as the one for
L1 shown on the left panel of Fig. 12. The results of these
projections are shown in the bottom right panel of Fig. 17.
It is interesting to notice that all Li display a very similar
pattern. More specifically, all L1 have narrow peaks of
similar size located in the region of a few MeV, and then
decrease logarithmically in the ultraviolet, whereas p2L2
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and −pL3 are rather suppressed quantities, vanishing in
both the infrared and ultraviolet limits.
B. A closer look at the soft-gluon limit
Wewill next consider the one-loop result forLg1ðpÞ, which
will furnish some additional insights on the asymptotic
(ultraviolet) behavior of this form factor, shown in the top
left panel ofFig. 17. Thederivationof the one-loopexpression
forLg1ðpÞmayproceed in twodifferentways: the first is based
on the direct calculation of the one-loop diagrams shown in
Fig. 18, for this particular kinematic; the second consists
of substituting one-loop results for the ingredients entering in
the all-order relation captured by Eq. (2.22). Evidently, the
answers obtained with either method ought to coincide.
Following [44], we employ dimensional regularization
for the direct one loop calculation; specifically, the measure
of Eq. (3.2) becomes
Z
l
→
μϵ
ð2πÞd
Z
ddl; ð5:2Þ
where d ¼ 4 − ϵ and μ is the ’t Hooft mass scale.
It is then relatively straightforward to demonstrate that in
the Landau gauge the “Abelian” diagram (a) vanishes exactly
in the soft-gluon limit (before renormalization) [44]; note
that the derivation of this result requires the use of dimen-
sional regularization formulas such as γμγνγμ ¼ ð2 − dÞγν
(a) (b)
FIG. 18. The one-loop diagrams of the quark-gluon vertex in
the soft-gluon limit.
FIG. 17. The form factors Lis for different kinematic configurations. The L
g
i (top left panel) are the form factors in the soft-gluon
configuration. The Lsymi (top right panel) represents the quark symmetric case. The L
q¯
i (or L
q
i ) (bottom left panel) is in the soft anti-quark
(or quark) limit, whereas LTSi (bottom right panel) is the totally symmetric configuration.
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for the corresponding “Diracology,” instead of the usual
γμγνγ
μ ¼ −2γν. The evaluation of diagram (b) yields (in
Euclidean space)
Lg1pertðpÞ ¼ 1þ
CAαs
16π

−3 ln

p2 þm20
μ2 þm20

þm
4
0
p4
ln

p2 þm20
m20

−
m40
μ4
ln

μ2 þm20
m20

−m20

1
p2
−
1
μ2

; ð5:3Þ
where m0 is the current quark mass, which guarantees the
infrared finiteness of the result. In addition, note that the above
expressionwas renormalized using theMOMscheme, impos-
ing the condition Lg1pertðμ2Þ ¼ 1. Turning to the second way,
the substitution of p1 ¼ p2 ¼ p (q ¼ 0) into Eq. (2.22), and
the use of the fact thatXi ¼ X¯i,X0 ¼ 1, andX1 ¼ −X2 in this
limit, yields (in Euclidean space)
Lg1ðpÞ ¼ Fð0Þ½AðpÞð1þ 2p2X3ðpÞÞ − 2BðpÞX1ðpÞ:
ð5:4Þ
The determination of Lg1pertðpÞ from Eq. (5.4) is rather
subtle, and involves the exact cancellation of two infrared
divergent contributions stemming from two of the ingre-
dients appearing in it. We start by recalling that F at one-
loop level is given by
Fpertðq2Þ ¼ 1 − 3CAαs
16π
ln

q2
μ2

; ð5:5Þ
which clearly displays an infrared divergence of the type
“ln 0” when q2 → 0, due to the presence of the “unpro-
tected” logarithm; of course, nonperturbatively the infrared
divergence of this logarithm is known to be tamed, and a
finite value for Fð0Þ is obtained (see, e.g., [49]). Since
Lg1pertðpÞ displays no such divergence, an exact cancellation
against a similar contribution must take place. To establish
the precise mechanism that makes this happen, we set in
Eq. (A4) p1 ¼ p2 ¼ p, θ ¼ 0, and the tree-level expres-
sions AðpÞ ¼ 1, BðpÞ ¼ m0, FðqÞ ¼ 1 and ΔðqÞ ¼ 1=q2,
and after restoring the measure we obtain
Xpert1 ðpÞ ¼ i
CAg2
6
Z
k

2þ ðk · pÞ
2
k2p2

m0
k4½ðkþ pÞ2 −m20
;
p2Xpert3 ðpÞ ¼ −i
CAg2
6
Z
k

2p2 þ 3ðk · pÞ þ ðk · pÞ
2
k2

×
1
k4½ðkþ pÞ2 −m20
: ð5:6Þ
A systematic inspection of the above terms reveals that
the only source of such a divergent contribution is the third
term in p2Xpert3 ðpÞ. Focusing on this term and applying
Feynman parametrization, one may eventually identify a
contribution of the form 3CAαs
16π
R
1
0 dx=x, which allows for the
necessary cancellation to go through. As it should, the final
result coincides with that of Eq. (5.3).
In Fig. 19 we compare our nonperturbative result for
Lg1ðpÞ (black-continuous line) with the one-loop expression
of Eq. (5.3) (red-dashed line). Notice that, in order to
perform a meaningful comparison, we renormalize both
curves imposing the same renormalization condition, i.e.,
Lg1ðμÞ ¼ Lg1pertðμÞ ¼ 1. Clearly, we see a qualitative agree-
ment between both curves for large values of p. Evidently,
the small deviations between these curves in the ultraviolet
is expected, and can be attributed to the higher order loop
corrections that Lg1ðpÞ contains in it.
We also show in Fig. 19 Lg1ðpÞ renormalized in the totally
symmetric configuration (blue dash-dotted line), which
satisfies the renormalization condition imposed by
Eq. (4.2). This curve is the same one (black continuous)
shown in the top left panel of Fig. 17. Therefore, the small
quantitative difference between the black continuous and the
blue dash-dotted curves shown in Fig. 19 is merely the effect
of the imposition of different renormalization conditions.
In order to expose how the Ansatz of Eq. (3.4) dramati-
cally affects the perturbative behavior of the soft-gluon
configuration, in Fig. 19 we show the result for Lg1ðpÞ
computed with Eq. (3.4) (green-dotted line). Notice that
this curve corresponds to the “slit” (slice where p1 ¼ p2)
shown in the right panel of Fig. 8. Since the result in Fig. 8
is renormalized in the totally symmetric configuration, the
FIG. 19. Comparison of the one-loop result Lg1pertðpÞ (red
dashed), given in Eq. (5.3) with Lg1ðpÞ obtained with the Ansatz
given by Eq. (3.5) and renormalized in the two different
configurations: (i) soft-gluon configuration, i.e., Lg1ðμÞ ¼ 1
(black continuous) and (ii) totally symmetric configuration given
by Eq. (4.2) (blue dash-dotted line). In addition, we show the
Lg1ðpÞ renormalized in the totally symmetric configuration
obtained with the Ansatz given by Eq. (3.4) (green-dotted line).
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(green) dotted curve should be compared with the (blue)
dash-dotted line, which was obtained employing the Ansatz
of Eq. (3.5). The sizable deviation of the green-dotted line
from the expected perturbative region, where all the others
curves are located, clearly indicates that the Ansatz of
Eq. (3.4) is not an appropriate choice. Evidently, the use of
Eq. (3.4) provides excessive strength in the single compo-
nent of the vertex considered; in fact, as we notice in
Fig. 13, the combination FðqÞLBC1 ðp1; p2Þ is indeed more
enhanced than the solution for the complete L1ðp1; p2; θÞ.
For completeness, in Fig. 20, we show the contribution
of each of the individual terms appearing in Eq. (5.4). We
start showing the contribution of the first term which
corresponds to the “minimal” non-Abelian BC vertex
(purple-dashed curve), Fð0ÞAðpÞ. In the plot, we clearly
see that when we neglect all the Xi contributions, L
g
1ðpÞ →
Fð0Þ when p → ∞. Now, let us turn on the contribution of
the X1 (green dotted line); given that X1 is multiplied by
BðpÞ, it is clear that it can only modify the infrared and
intermediate regions of Lg1ðpÞ, leaving the ultraviolet
behavior intact. Focusing on the most interesting term,
namely X3, we first note that, since it is multiplied by p2, it
does not change the infrared limit (red long-dashed dotted
line). However, since X3 is negative and quite sizable (see
bottom right panel of Fig. 6), it has a considerable influence
on the intermediate and ultraviolet regions of Lg1ðpÞ,
producing a notable decrease in its behavior, as shown
by the case where all contributions of Eq. (5.4) are taken
into account (black continuous curve).
As an additional remark in this subsection, we emphasize
that the numerical calculation of the full X3 when θ ≈ 0 and
p21 ≈ p22 expressed by Eq. (A4) is rather delicate. More
specifically, when one fixes the values of the external
momenta p21 and p
2
2 at infrared or intermediate scales (order
of 10−3–1 GeV2), the resulting integrand of Eq. (A4) is
relatively smooth. However, as one increases the momenta
towards the ultraviolet region, the integrand develops sharp
peaks, whose width decreases as the momenta increase and/
or as p1 gets close to p2. A precise numerical treatment of
these peaks requires a refined grid, especially because
minor errors in the integration may be subsequently
amplified due to the multiplication by p2, as happens in
the case of Lg1ðpÞ given by Eq. (5.4). In fact, an earlier
analysis using a less sophisticated numerical treatment of
these peaks gave rise to an artificial increase of Lg1ðpÞ in the
ultraviolet region. Interestingly enough, the recent lattice
simulations for Lg1ðpÞ of Ref. [42,43] found a similar
increase around the same region, which the authors seem to
attribute to lattice artifacts.
We end this section by suggesting to the reader that, in
view of the above observations, the results presented in this
work for the soft-gluon limit ought to be considered as
provisional. Indeed, even though an appropriate choice of
the quark-gluon Ansatz used in evaluating H, i.e., the
transition from Eq. (3.4) to Eq. (3.5), appears to alleviate
considerably the problem of the unnatural ultraviolet
suppression, and despite a vast array of checks imple-
mented on our integration routines, the possibility that an
unresolved numerical issue may still be lurking has not
been conclusively discarded.
VI. COMPARISON WITH PREVIOUS WORKS
In this section we compare our results for the quark-
gluon vertex in the soft-gluon configuration with those
obtained in a variety of earlier works appearing in the
literature. The reason for choosing this particular configu-
ration is because it is the most widely explored in the
literature, and because is one of the few that can be
individually isolated in lattice simulations without being
“contaminated” by transverse contributions.
Here we will concentrate on the results presented in the
Refs [8,17,18,32]. Let us start by recalling that in
Refs. [17,18] an approximate version of the SDE governing
the quark-gluon vertex was considered, retaining the one-
loop dressed diagrams that compose the skeleton expansion
of Γμ. The main difference between the works of Ref. [17]
and Ref. [18] originates from the functional form employed
for the gluon propagator,Δðq2Þ. In the case of Ref. [17], the
“rainbow-ladder” approximation was used, and the product
g2Δðq2Þ was replaced by a phenomenologically motivated
Ansatz [6]. Instead, in Ref. [18], the one-loop dressed
diagrams were computed using as nonperturbative ingre-
dients the quark and gluon propagators calculated within
the “ghost dominance” formalism [3,23]. In Ref. [8], the
authors instead of using the Schwinger-Dyson approach,
they construct the three-particle irreducible (3PI) effective
action to three loops to determine the quark-gluon vertex
structure. To do that, they use as input the gluon and the
ghost propagators which are in agreement with lattice
results of Ref. [67]. Finally, in Ref. [32] an improved
version of the gauge technique was employed, where the
FIG. 20. The individual contributions entering into the defi-
nition of Lg1ðpÞ, given in Eq. (5.4).
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transverse form factors were estimated by resorting to the
so-called transverse Ward identities [53–58], and the non-
perturbative ingredients such as Δðq2Þ and Fðq2Þ were
taken from the lattice [49]. Of particular interest for the
present work are the numerical results for the soft-gluon
configuration reported in [32].
In order to make a direct contact with the lattice data
of Refs. [36,38], it is important to mention that their
results were obtained using a current quark mass of m0 ¼
115 MeV. Moreover, the relevant form factors were renor-
malized at the scale μ0 ¼ 2 GeV. Therefore, for the sake of
comparison, we will also employ, exclusively in this
section, a new set of inputs for AðpÞ, BðpÞ, ΔðqÞ, FðqÞ
with the aforementioned characteristics. To obtain these
new inputs, we follow the same procedure outlined in the
Ref. [32], fixing αðμ0Þ ¼ 0.45, which permits a better
agreement with the lattice data.
In Fig. 21 we compare our results for the soft-gluon form
factors Lg1, 4p
2Lg2ðpÞ and 2pLg3ðpÞ (cyan curves) with those
obtained in the analysis presented inRefs. [8] (green dashed),
[17] (blue dashed-dot), and [18] (red short-dashed). In
addition, on the same plot, we show the results of
Ref. [32] (black dotted), and the lattice data obtained in
Ref. [38,39] (squares). In the case of the form factors Lg1 and
2pLg3, our results show rather good agreement with both the
lattice simulations and the previous analytical studies. In the
case of 4p2Lg2 [top right panel of Fig. 21], our result agrees
with the general pattern found by all previous analytic
determinations; in particular, all curves share the character-
istic feature of vanishing at the origin. However, as may be
plainly established fromFig. 21, our result, and all others, are
vastly different from the curve found on the lattice.
VII. RGI INTERACTION KERNELS
As a direct application of some of the results obtained
in the previous sections, we turn to the construction of
RGI (μ-independent) combinations that, depending on the
FIG. 21. Comparison of our results (cyan continuous line) in the soft-gluon configuration with the previous analytical results obtained
in the Refs. [8] (green dashed), [17] (blue dashed dot), [18] (red short-dashed) and [32] (black dotted), and the available lattice data
(squares) of Ref. [38,39].
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truncation schemes employed, quantify the strength of a
particular piece of the effective (momentum-dependent)
interaction between quarks. Specifically, we will consider
the dressed “one-gluon exchange” approximation of the
kernel appearing in a typical Bethe-Salpeter equation
[panel (a) of Fig. 22], and the corresponding kernel entering
in the gap equation that determines the dynamically
generated constituent quark mass [panel (b) of Fig. 22].
A. Underlying assumptions
The main objective of this section is to consider the part
of the interaction kernel that is of the form L1γμPμνðqÞγνL1,
neglecting all other tensorial structures. Motivated by the
discussion presented in Sec. III regarding the way that the
choice of the basis for ΓðSTÞμ may affect amplitudes con-
taining the combination ΓðSTÞμ PμνðqÞΓðSTÞν , it is important to
emphasize at this point some of underlying assumptions of
the ensuing analysis.
(1) As has been explained following Eq. (2.21), if one
considers the combination PμνðqÞΓðSTÞν , with no
reference to the transverse parts, the result depends
crucially on the choice of the basis for ΓðSTÞμ . In
particular, as has been exemplified with the case of
L1, the transversely projected Γ
ðSTÞ
ν may acquire any
value whatsoever, through appropriate choice of the
basis elements.
(2) The class of bases that we consider contain the
classical tensor γμ as a genuine element of the
tensors that span ΓðSTÞμ , without any admixture of
transverse components. Put in the language of
Sec. III, in Eq. (2.18) we have c ¼ 0, or, equiv-
alently, in Eq. (2.19) we have Γ½0μ ¼ λ1;μ. Evidently,
the BC basis employed throughout our analysis is
precisely of this particular type.
(3) One may rephrase the previous point in the follow-
ing way. Let us imagine for a moment that all
quantum corrections are switched off; then, unam-
biguously, ΓμPμνðqÞΓν → Γ½0μ PμνðqÞΓ½0ν ¼ d − 1.
Therefore, one may fix the amount of L1 by
requiring that, when one sets L1 ¼ 1, the above
result is reproduced (that forces c ¼ 0).
(4) Of course, the above “normalization” does not fix
the values of the “ci” that control the amount of L2,
L3, and L4 entering in the answer. In what follows
we will simply set L2 ¼ L3 ¼ L4 ¼ 0 by hand, even
though the basis used (BC) does not furnish ci ¼ −1
for them.
B. Bethe-Salpeter kernel
As mentioned above, one can see in the panel (a) of
Fig. 22, that the kernel of the Bethe-Salpeter equation
receives contributions not only from the full gluon propa-
gator but also from the fully-dressed quark-gluon vertices.
To simplify the analysis, let us consider only the part of Γμ
that is proportional to γμ, i.e., Γμ ¼ L1γμ. Then, the strength
of this effective interaction may be described by means of a
scalar quantity, to be denoted by Qðq;−p1; p3Þ, given by
Qðq;−p1; p3Þ¼ αsΔðqÞ½
L1ðq; p2;−p1ÞL1ð−q; p3;−p4Þ
Aðp2ÞAðp4Þ

:
ð7:1Þ
This particular quantity is μ-independent, as one may verify
by employing the standard renormalization relations
SRðp; μÞ ¼ Z−1F ðμÞSðpÞ;
ΔRðq; μÞ ¼ Z−1A ðμÞΔðqÞ;
ΓνRðp; k; q; μÞ ¼ Z1ðμÞΓνðp; k; qÞ;
gRðμÞ ¼ Z−1g ðμÞg ¼ Z1Z−1F Z−1=2A g; ð7:2Þ
where ZF, ZA, Z1, and Zg are the corresponding renorm-
alization constants.6
It is interesting to compare Q to a closely related
quantity, defined in the recent literature [69]. In particular,
a field-theoretic construction based on the pinch technique
allows the definition of a process- and μ-independent
combination, denoted by
(a) (b)
FIG. 22. Panel (a): The one-loop dressed gluon exchange that typically appears in the Bethe-Salpeter equation. Panel (b): The
complete quark self-energy entering in the definition of the gap equation.
6In the Landau gauge, ZF ¼ 1 at one loop, and, therefore, one
may omit the factor A−1ðp2ÞA−1ðp4Þ in the definition of
Qðq;−p1; p3Þ, which would then be μ-independent at that order.
Note, however, that higher loops make ZF nontrivial [68], and
thus, the inclusion of this factor becomes necessary.
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dˆðq2Þ ¼ αsðμÞΔðq
2Þ
½1þGðq2Þ2 ; ð7:3Þ
where Gðq2Þ is the transverse component of a special
Green’s function [70,71], akin to a ghost-gluon “vacuum
polarization,” which arises in contemporary applications of
the aforementioned technique [66,69,72,73]. From dˆðq2Þ
one may define the dimensionless quantity
I dˆðq2Þ ¼ q2dˆðq2Þ; ð7:4Þ
which, as explained in detail in [69], makes direct contact
with the interaction strength obtained from a systematic
“bottom-up” treatment, where bound-state data are fitted
within a well-defined truncation scheme [74].
Given that dˆðq2Þ is a function of a single kinematic
variable, a meaningful comparison withQðq;−p1; p3Þmay
be accomplished by computing the latter in a special
kinematic limit. Specifically, we choose to evaluate both
L1ðq; p2;−p1Þ and L1ð−q; p3;−p4Þ at their corresponding
totally symmetric points, namely p21 ¼ p22 ¼ q2 and
p23 ¼ p24 ¼ q2, thus converting Q to a function of the
single variable,
Qðq2Þ ¼ αsðμÞΔðq2Þ

LTS1 ðq2Þ
Aðq2Þ

2
; ð7:5Þ
where the behavior of LTS1 ðqÞ is given by the bottom right
panel of Fig. 17. Evidently, the dimensionless quantity
analogous to I dˆðq2Þ is given by
IQðq2Þ ¼ q2Qðq2Þ: ð7:6Þ
Note that, for asymptotically large q2, both I dˆðq2Þ and
IQðq2Þ capture the one-loop running coupling of QCD [66].
On the left panel of Fig. 23 we compare Qðq2Þ and
dˆðq2Þ. For obtaining dˆðq2Þ (black continuous line), we use
the same value for αsðμÞ as in [69], namely αsðμÞ ¼ 0.22
for μ ¼ 4.3 GeV; the determination of this value entails a
subtle combination of 4-loop perturbative results, non-
perturbative information included in the vacuum conden-
sate of dimension two, and the extraction of ΛQCD from
lattice results of the ghost-gluon vertex in the Taylor
kinematics [75]. Instead, for computing Qðq2Þ (red-dashed
line) self-consistency dictates that one must set in Eq. (7.5)
αsðμÞ ¼ 0.28, because this is precisely the value used
for obtaining Aðq2Þ and LTS1 ðq2Þ in Secs. IVA and V,
respectively.
On the right panel of the same figure, we show IQðq2Þ
and I dˆðq2Þ. We clearly see that, I dˆðq2Þ displays a higher
peak in the region of about 650 MeV, while IQðq2Þ has its
peak around 730 MeV. Notice that IQðq2Þ is consistently
higher in the interval between 1.25–5 GeV.
In order to obtain an indication of the integrated strength
furnished by these curves, following [69] we may introduce
the integral
WI ¼
Z
q2
0
0
dq2Iðq2Þ; ð7:7Þ
where q0 ≈ 5 GeV is the value of the momentum where
the two IðqÞ practically merge into each other in Fig. 23.
The results of the integration are WI ¼ 10.4 GeV2 when
I ¼ I dˆ and WI ¼ 11.3 GeV2 when I ¼ IQ.
Interestingly, while Qðq2Þ appears quite suppressed
relative to dˆðq2Þ in the range of momenta between
0.15–1.1 GeV, the corresponding integrated strengths turn
out to be rather close to each other; in fact, Qðq2Þ is 8.6%
larger than dˆðq2Þ.
Even though the amount of physical information con-
tained in Qðq2Þ and dˆðq2Þ is a priori different, given that
FIG. 23. Comparison of the dimensionful RGI quantities dˆðq2Þ andQðq2Þ defined in the Eqs. (7.3) and (7.5), respectively (left panel)
and their dimensionless counterparts I dˆðq2Þ and IQðq2Þ given by Eqs. (7.4) and (7.6) (right panel).
A. C. AGUILAR et al. PHYSICAL REVIEW D 96, 014029 (2017)
014029-24
the two quantities originate from distinct truncation
schemes, the simple analysis presented above seems to
suggest a certain similarity in the structures obtained using
either of them. One should keep in mind, of course, that all
remaining tensorial structures of the quark-gluon vertex
(transverse and nontransverse), which are certainly non-
negligible, must be properly taken into account (within
both frameworks), before any robust conclusion on this
matter may be drawn.
C. Gap equation kernel
We end with a preliminary look at the kernel that enters
in the standard quark gap equation formulated in the
Landau gauge. In particular, the fully-dressed quark-gluon
vertex Γμ constitutes a central ingredient of the quark self-
energy, shown in the panel (b) of Fig. 22; evidently,
ðq; p2;−p1Þ → ðp − k; k;−pÞ, and, eventually, in order
to treat the full question of chiral symmetry breaking,
two out of the three momenta of this particular vertex are to
be integrated over, since the virtual momentum k circulat-
ing in the loop enters in them.
For the purposes of this introductory discussion, we
consider a “frozen” kinematic configuration, i.e., no inte-
gration over k will be implemented, and simplify the
analysis by using the approximation Γμ ¼ L1γμ. Then,
the gap equation assumes the form
S−1ðpÞ ¼ p − 4πCF
Z
k
γμ
1
ðpþ kÞ −Mðpþ kÞ
× γνPμνðkÞKgapð−k; kþ p;−pÞ; ð7:8Þ
where CF ¼ 4=3 is the Casimir eigenvalue in the funda-
mental representation, and
Kgapð−k; kþ p;−pÞ ¼ αsðμÞΔðk2ÞFðk2Þ
×

L1ð−k; kþ p;−pÞ
Aðpþ kÞ

: ð7:9Þ
As has been discussed in detail in [4], the appearance of
the factor Fðk2Þ in Kgap accounts in an effective way for
contributions originating from the transverse part of the
quark-gluon vertex, which, if properly treated, would
combine with the renormalization constant Z1 that multi-
plies the quark self-energy, furnishing the correct value for
the anomalous dimension of the quark mass obtained
(for an earlier treatment along the same lines, see [3]).
The main upshot of these arguments for our present
purposes is that, just as Qðq;−p1; p3Þ and dˆðq2Þ, the
quantity Kgapð−k; kþ p;−pÞ defined in Eq. (7.9) is also
μ-independent. In fact, Kgapð−k; kþ p;−pÞ is composed
of two individually μ-independent factors, namely
Kgap ¼

α1=2s ðμÞΔ1=2ðk2Þ

L1ð−k; kþ p;−pÞ
Aðpþ kÞ

× ½α1=2s ðμÞΔ1=2ðk2ÞFðk2Þ: ð7:10Þ
Evidently, the combination in curly brackets is essen-
tially Q1=2, while the one in square brackets is RGI due to
the nonperturbative relation that holds between F and
1þ G, as discussed in detail in [66].
A representative case ofKgapðp1; p2; θÞwhen θ ¼ π=6 is
shown on the left panel of Fig. 24, while on the right panel
we show the dimensionless quantity q2Kgapðp1; p2; π=6Þ,
which is the 3-D analogue of IQðq2Þ and I dˆðq2Þ.
We clearly see that q2Kgapðp1; p2; π=6Þ displays two
symmetric peaks, which appear when one of the momenta
(either p1 or p2) vanishes and the other is of the order of
FIG. 24. The kernel Kgapðp1; p2; π=6Þ defined in Eq. (7.9) (left panel), and its dimensionless counterpart q2Kgapðp1; p2; π=6Þ (right
panel).
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730 MeV. For other values of θ we found a similar pattern.
Therefore, it is reasonable to expect that the gap equation
will receive more support around this region.
We end this section by emphasizing that a complete
treatment of both BSE and gap equations requires the
inclusion of all vertex form factors (the four nontransverse
and the eight transverse ones). Moreover, both equations
involve an angular integration over θ; consequently, var-
iations in the angular structure of the twelve form factors
may have a significant impact on the phenomenological
parameters produced. Therefore, the analysis presented in
the section should serve as a simple rough estimate of the
possible impact of a unique form factor, namely L1.
VIII. DISCUSSION AND CONCLUSIONS
We have presented a novel nonperturbative computation
of the “nontransverse” components of the quark-gluon
vertex, for general values of the Euclidean momenta
entering in them. The starting point of this analysis is
the STI that the quark-gluon vertex satisfies, which
determines completely its four form factors in terms of
the quark propagator, the ghost dressing function, and the
quark-ghost scattering kernel. The inclusion of these last
two ghost-related quantities implements the non-Abelian
conversion of the usual QED-inspired BC Ansatz
employed for the quark-gluon vertex. Even though the
procedure we have followed is in principle applicable for
any value of the gauge fixing parameter, in practice all
ingredients relevant to the calculation have been computed
in the Landau gauge. The form factors of the quark-ghost
scattering kernel have been computed within the “one-loop
dressed” approximation, which involves a single diagram,
where all propagators are fully dressed, while certain
simplifying approximations have been employed for the
corresponding vertices. The results obtained, displayed in
various 3-D plots, indicate considerable deviations from the
Abelian BC expressions. In addition, several typical kin-
ematic configurations considered in the related literature,
such as the “soft gluon” or “symmetric” limits, have been
extracted from the general 3-D results through appropriate
2-D “projections”.
The most natural context where the results of the
present analysis may be applied is the study of chiral
symmetry breaking and dynamical quark mass generation
by means of the standard Landau gauge gap equation,
along the lines presented in subsection VII C, where,
however, only the effect of a special kinematic configu-
ration of L1 was considered. Of course, the precise 3-D
form of all form factors is bound to affect the overall
strength of the kernel of the gap equation, and the ensuing
integration over virtual momenta will “peak” the strength
of the full kernel around a particular mass-scale, whose
value, as is well-known, is crucial for the final amount of
quark mass that can be generated dynamically. Note, in
particular, that in an earlier approach [4] a rudimentary
version of the non-Abelian BC vertex was constructed by
setting X1 ¼ X2 ¼ X3 ¼ 0, and using only a particular
2-D “slice” of X0. The gap equation with this particular
vertex gave rise to a running quark mass, Mðq2Þ, whose
value at the origin wasMð0Þ ≈ 300 MeV, when the value
of the strong coupling used was αs ≈ 0.29. It would be
therefore important to study the same issue using instead
the more complete version of the non-Abelian BC vertex
obtained in the present work. In fact, a detailed analysis of
the gap equation combining the non-Abelian BC part
derived here and the purely transverse part employed in
[59], imposing the physical constraints applied in this
latter work, may single out a rather limited set of the
possible vertex Ansätze that would be compatible with
contemporary QCD phenomenology.
An additional issue, related to the present work as well
as the prospect of applying the results to the study of the
gap equation, has to do with the treatment of the set of
dynamical equations that enter into the problem under
study. In particular, one of the main technical shortcomings
of the present work is the treatment of the Dirac compo-
nents of the quark propagator [Aðp2Þ andMðq2Þ], shown
in Fig. (5) as external quantities, in the sense that they were
obtained from a gap equation that was solved in isolation,
using an Ansatz for the quark-gluon vertex corresponding
precisely to the simplified non-Abelian BC vertex men-
tioned above [4]. The amelioration of this drawback
requires the treatment of all dynamical equations involved
as a system of coupled integral equations, whose simulta-
neous solution must be determined through numerical
iteration. We hope to be able to report considerable
progress in this direction in the near future.
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APPENDIX: TAYLOR EXPANSIONS OF K
In this Appendix we outline the Taylor expansions of
Eq. (3.21) needed for the derivation of certain special
kinematic limits. For concreteness we will work in some
detail the derivation of the Xi in the soft gluon and the
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quark symmetric cases, which, as discussed in the Sec. V,
are obtained by taking the limit sin θ → 0 in Eq. (3.21). The
corresponding expansions of K around p1 ¼ 0 (p2 ¼ 0),
relevant for the soft anti-quark (quark) configuration,
proceed following completely analogous steps.
Consider Eq. (3.21), and expand the kernel Kðp1; p2; lÞ
around sin θ ¼ 0,
Kðp1; p2; lÞ ¼ K0 þ sin θK00 þOðsin2θÞ; ðA1Þ
where we have introduced the compact notation
K0 ¼ Kðp1; p2; lÞjsin θ¼0; K00 ¼
∂Kðp1; p2; lÞ
∂ sin θ

sin θ¼0
;
Concentrating on the contribution of K0 in Eqs. (3.11), we
clearly see that the only dependence of Kðp1; p2; lÞ on φ2
stems from Dðl − p1Þ, namely
Dðl − p1Þ ¼ Dðl2 þ p21 − 2lp1½cos θ cosφ1
þ sin θ sinφ1 cosφ2Þ: ðA2Þ
Thus, in the limit sin θ ¼ 0,K0 is completely independent of
φ2, and the integration over this variable becomes trivial.
Then we notice that, in the expressions forXi, the terms with
a sin θ in the denominator are always proportional to cosφ2,
which leads to the following vanishing angular integration
Z
π
0
dφ2 sinφ2 cosφ2 ¼ 0: ðA3Þ
Therefore, all contributions of Eq. (3.11) containing K0 are
finite. Evidently, the contribution of the second term in the
expansion of Eq. (A1) is automatically finite, given that is
it explicitly multiplied by a sin θ that cancels directly the
corresponding term in the denominator of K.
Implementing the above procedure in Eq. (3.21), we find that the form factors in the limit sin θ ¼ 0 reduce to
X0ðp1; p2; θ ¼ 0; πÞ ¼ 1þ
CAg2
4
Z
lE
Aðl2Þ
s2
K0fp22l2sin2φ1 − ðl − p2Þ2p1p2 cos θ
þ½p1l cos θ cosφ1 − p1p2 cos θðp2l cosφ1 − p22Þg;
X1ðp1; p2; θ ¼ 0; πÞ ¼
CAg2
4
Z
lE
Bðl2Þ
s2

K0½s2 − l2sin2φ1cos2φ2
þlðl cosφ1 − p2Þ

p2
p1
− cos θ

K00 sinφ1 cosφ2

;
X2ðp1; p2; θ ¼ 0; πÞ ¼
CAg2
4
Z
lE
Bðl2Þ
s2

K0

ðl cosφ1 − p2Þ2

1 −
p1
p2
cos θ

− s2
þp1l
2
p2
cos θsin2φ1cos2φ2

− lðl cosφ1 − p2Þ cos θ

1 −
p1
p2
cos θ

K00 sinφ1 cosφ2

;
X3ðp1; p2; θ ¼ 0; πÞ ¼
CAg2
4
Z
lE
Aðl2Þ
s2

K0

l2sin2φ1cos2φ2 − s2
l
p2
cosφ1

−l2ðl − p2 cosφ1Þ

1
p1
−
cos θ
p2

K00 sinφ1 cosφ2

: ðA4Þ
where the variable s2 was defined below Eq. (3.21). For the actual determination of K00, note that
∂Dðl − p1Þ
∂ sin θ

sin θ¼0
¼ −2lp1 sinφ1 cosφ2
∂DðlÞ
∂l2 ; ðA5Þ
so that
K00 ¼ −2lp1 sinφ1 cosφ2
½Aðl2Þ þ Aðp22Þ
A2ðl2Þl2 þ B2ðl2ÞΔðl − p2Þ
∂DðlÞ
∂l2 : ðA6Þ
Note finally that, since in both the soft gluon and the quark-symmetric limits we have p1 ¼ p2, the difference between
the two depends on the value that θ will acquire in Eq. (A4), namely θ ¼ 0 or θ ¼ π, respectively.
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